
Lecture 1 : Into , Classification, training 1119

40% 7 Homeworld 5 slip days
204. Midterm

CS 189 : here material

- Find patterns in# use it to make predictions
- Models and statistics help us understand patterns

- Optimization algo
"

team
"
the patterns

classification

- Collect training data: reliable debtors & defaulted debtor
- Evaluate new applicants (predictions)

classifying Digits

it ?

¥¥→/ / ¥11? fyferpf.IE
" " dimension

Testing and Validation

- Train a classifier : it teams to distinguish 7 from not 7
- test the classifier on NEW images

2 kinds oferrors :
-

Training set error
: fraction of training images not classified correctly

-Test Set Error : fraction of misclassified NEW images
,
not seen in training

Outliers: points whose labels are atypical leg . solvent borrowers who defaulted)

Overfitting: when test error deteriorates bo classifier becomes too sensitive to aethers

most ML models have hyperparameters that control over/ underfitting , Kim k-merest
test

hm✓←owGt
hymning



Select them by validation
-Hold backs a subset of the labeled data

,
validation set

-Train classifier multiple times w/ diff hyperparamctos
- Choose setting that works best on validates

Training set team model weights
validation set used to tune hyperametes , choose
test set used as FINAL evaluation

,
run ONCE

- public available during completion
- private set labels known only to foggy

Techniques:

Supervised learning : is given labeled data

- classification : is email spam

- Regression : how likely does this patient have cancer

Unsupervised learning : no labels

- clustering ; which DNA sequence similar to one another
- Dimensionality Reduction : what are common features of faces? diff?

Lecture 2 : classifiers 1124

Given sample of n observations
,
each w/ d features / predictors)

some observations belong to class C; some do not

Ex) Observations are bank loans

Features : income & age (d-2)
Some in class "defaulted

"

,
some not

Goal : Predict future

Represent each observation as a point in d-dimensional space

called sample point / feature vector / independent variables



Decision Boundary : boundary chosen by our classifier to separate item

in the class from those not

Overfitting : when sinuous decision boundary Gts sample points
so well that it doesn't classify future points well

some lnot all) classifiers work by computing
Decision Function : function flx) that maps sample point × to a

(Predictor) scalar St f- 1×3>-0 if ✗ c- class C

(Discriminant) f- 1×7<-0 if ✗ & classC

Decision Boundary is { ✗ c-Rd : f-1×1--0}

{× : flx)=0 } also called Isosurface off for the isovahree O

f has other issurfaces for other isouahies 3.x: f- 1×1=13

Linear Classifiers : decision boundary is a Ime/plane .
Liver decision tune

Math Review

vectors: ✗= (¥¥"=[x, Xz ✗3×4×5]T
point in 5D space

Convention :

uppercase roman
= matrix ,RV , set ✗

lowercase roman = vector ✗

Greeks = scalar ✗

other scalars n : A- sample pts
d : = # of features

= dimension of sample pts
i ,j,K = indices

Inner product (dot product) :X-

y ,Éy ft) ,sL) function scalar

= × ,y , + Xzyz . - . Xdyd

linear function : fly)=w -✗ + ✗

Euclidean norm: 11×11 = Ex = xf-ixz2-i.it/dT
length (Euclidean length)

unit vector: ¥4
"

Normalize
"

vector × : replace ✗ w/ 11¥,



Use dot products to compute angles

Y× aoso-4.IT#yy-- ¥, -1¥
¥, Yuri

Is
^ n

7 >
✗y >0 × .y=o

>

xycolinear decision tune
f-(x)= W -✗ + a

H={× : wx = -✗ }
set It is hyperplane .

Thm : let ×,y be 2 pts lie on It
.

Then w- ly - ×)=0

Proof : w - ly-x) = -a - ta)=o

W is normal vector of It

If w is unit vector
, with is signed distance from × to H

ie. positive on W's side of It ; negative on other side

distance from A to origin is ✗

a-0 if It passes through origin
coefficients in W

,plus ✗ , are weights or parameters regression coefficients

linearly separable : if exists a hyperplane that separates all sample

pts in class C from all pts NOT in class C

Simple Classifier

Centroid method: compute mean Me in C

mean Ux not in C

decision function
f-G)=/Mo-Mx) .x - Luo- Mx) . MEI
w w
normal vector midpoint Me,u×

decision boundary hyperplane that bisects line segment w/ endpoints Me,u×

Perceptron Algorithm
Slow but connect for linearly separable pants
Uses numerical optimization algorithm , gradient descent

n training pts

label yi={-lit Xitc



consider only decision passing through origin
Goal : Gx weights St
Xi - w >0 if

g.
=\ and

✗i.WLO ifyi = -1

Equivalently yixi.ws-0
←

inequality constraint
Idea: risk function R positive if some constraints

are violated . We optimization to choose W That minimizes R

loss function

0 if yz
20

Llz,yi)= {
y;z otherwise

I [
labelclassifier prediction

If 2 Same sign as y, loss fence is zero

if z has wrong sign , loss Gino is pas
Dehne nskfunc

, obj fine, cost fun

Rlw)=tnÉ, Llxiwyi)
= £ ¥,-yilinw V is set of indices i

for which Yi Xi -WO

classify all X
, , . . .Xy correctly, Rlw) -0

Rlw) is positive want better W

solve

Find w that minimis Rl)

Lecture 3 1/26

Perceptron Algorithm
-linear decision fn flx)=wx
-decision boundary {x :flx)=0} hyperplane
- find weights w St yiXiw=0
-goal reused : find w that min Rlw)=§u - yiXi•W

min Rlw) - Eic-u-Y://i.tv
U set of ending i for which yixiw <0



Object in ✗ - space transform to object in w -space

✗ space
w-space

hyperplane :{z:w-2=03 point : w

point : × hyperplane:{2:X
. -2--03

Point x lies on hyperplane {2: w-2=0}⇐> v.✗=D

point W lies on hyperplane {2:X.-2=0} w- space

We want to enforce inequality ×.w 20
, in ✗ space , ✗ same side of

classifier

Find w that minimizes

-

it

Optimization Algorithm : gradient descent on R

Given starting point w, find gradient of R w/ respect to W

take step in opposite direction

0Rlw)=§w.

} and Pulau)=z!=z8%7
¥Wd

w← arbitrary nonzero starting point tangy:X:)
while Rlw) >0 :

✓ ← set of indices i for which y :X.
- •w<0



w ← wt EE
;←u
Yi
Xi

return u

E>0 is the step size aka learning rate, chosen empirically
Problem : slow takes Olnd) time

optimization algo 2 : stochastic gradient descent
Idea : pick one misclassified Xi

do gradient descent on less fun Llxiwiy)
perceptron algorithm step takes old)
while some yixi.no
we wtey :X :

return W

Decision func: flx)=w.x -1 ✗ =[w , wax] if
mnhme: 01¥) iteration

Maximum Margin Classifiers

margin of wear classier is distance from deans

bandy to helmet sample pt What if Maya
as wide as possible

enforce constants yilw -Xi +f) 21 for it [1in]
if Hulk / margin miinyw-ylw.li -1×1>-1

11Wh
minllwlt

And wand on that nm Hall
'

styilxi.hr -1×1>-1 tiffin]
quadrate prom in del dem n constant



Lecture 4 Notes 1/31
Soft Margin Support Vector Machines

- Allow some points to violate the margin w/ slack variables

-Modified constraint for point i

y:(Xi
- w + a) I 1- Ei

,
& >_ 0

Define margin Hull

Optimization Problem

Find W, or, Éi to min HWIPTCÉ Ei
i-4 small C big C

St y:(Xi
- w + a) 21 - Ei

,
it [I,n] desire max margin Yhwh keep slack 0 orsmall

{
i
20

,
it [I ,n] danger underrating overfitting

outliers less sensitive very sensitive

C >0 is scalar regularization hyperparameter

Features

Make nonlinear decision boundaries by lifting points into higher
dimensional space

1) Parabolic lifting map
OI : Rd → Rd-11

0=1×1 = [11%12]
2) Axis aligned ellipsoid/hyperboloid

☒ : Rd→ pfd

OIG) = [×? . . .
✗of ×, . . . xD]T

3) Ellipsoid / hyperboloid
☒µ) : Rd→ pyld

'-139/2 Iso surface is a quadric

Ax? +Bx} -1 . . . 1- DX,Xz -1
. . .
+ Gx, -.

- + ✗=D

4) degree - p polynomial
Ex) cubic in R2

☒ (x) : Rd→ ☒
old
')

EH)=[✗ is x.kz Xix? ×? ×? xixz Xix , ✗if



2/2
Lecture 5: ML Abstractions + Numerical operations

1) Unconstrained Optimization Optimization Algorithms
Given: obj fn ft) , smooth if Application /Data

classify? RegressGoal: find ✗
* that min f-

Model

f has: global min /max
- features -decision fns
-decision

• local min /Max
Optimization Model

µ - model- something can train

f is convex if for every
Optimization Algorithms
-gradient descent,✗y c- Rd a line segment connecting (x, ft))
- simplex

to ly, fly)) does not go below ft)

I

continues convex function has :

1) no min ( to - x)
2) one unique global mm

3) connected set of local minima w/ equal ft)

Algo for general smooth f:

- Gradient descent
- blind (w/ learning rate w ← w- eoflw)
- stochastic blind
- w/ Inn search

-Newtons method (requires Hessian matrix)
- Nonlinear conjugate gradient

Algos for non smooth f-
-gradient descent
- BEGS

line search

Project down to ID and use result to inform your step

↳ easy to use secant method
,
Newton's method

,
direct search



2) Constrained Optimization (smooth equality constraints)

Gwen : flx) and glx)=O ,
find w that min ftw)

↳ use Lagrange multiples to rexpress as unconstrained
,goto last sec

3) Linear Program linear obj tune -1 linear inequality constraints

Goal : Find w that Max c-w St Aw 2- b At Rmd
n linear constraints b c- Rn

✗ C- Rd
Ai - WE bi it 4. n]

active constraints (support vectors)

nf.ir .

Feasible reg.in#cmM
if every pig c- P , lies m p

f
>

optimum point F furthest in direction of c

in W-space

- Optima lies on vertices

- Vertex when some of constraints are active

Algs for LP

- Simplex
- interior point methods

4) Quadratic Programming quadratic , convex objfnt linear inequality constraints

Obj : Find w min ftw)= WTQW + Ew

constraint : Aw Eb Q : symmetric, PD matrix QIO

Positive Definite CPD) : WTQW >0 for all W #0

ex) hand soft margin SUM

term Kwik- wtw→ WTIIW

Alys for Quadratic
- simplex Goodingeneral)
- sequential minimal optimization
- coordinate descent



lecture 6 : Decision Theory 2/7

Recall : Plx)= PIX / 4--1)P(Y=l) + PLXIY = - 1) P(y= -1)

Bayes' Theorem: P(y=l / X) = p(XlY=DP( 11=1) •
P PIX) prior prob

posterior prob

loss function 42,y) specifies badness if predicts z, true classy
⇒

<G.g) = {
° if z=y
1 if 2=1,y= -1

false positive bad

asymmetrical 5 if 2=-1,y=l false negative worse

0-1 loss function : symmetrical

Risk : expected toss over all values of ✗y
Rlr)= F- [44×1,41]

= PLY -- 1) { Llrlx) , 1) P(X=xlY= 1) + PLY =-D { Llrlx) , -1) P(X=x/4=-1)

Bayes classifier : tune r't min Rlr) given Llz,y)=O for z=y

r*(×)={
' if 4-1,1)PlY=1lX=x) > Lll , -1)Pff -1 /X=x)
-I otherwise

- if 2 symmetric , choose class with bigger posterior probability
Bayes Risk : optimal risk Rlr*)

Continues Distributions
flx)Ap(×1y=DPlY=1)

×: pdf xz

Prob ✗ c- [xyxz]= Jfk)dx
="

✗I
✗

Area under curve = I = f. flx)d× Bayes
optimal decision boundary

✗

Expected value E[gl×)) : fnoglx)flx) DX
✗

mean u=E[x]= f. ✗ flx) DX

variance É=E[(x-MY]=E[×'] - n'



For Bayes decision rule
, Bayes risk is area under min of functions

Rlr*)=J min Lty ,y)f(X=×1Y=y)P(y=y)dx
y= -1-1

Ways to build classifiers

1) Generative models (LDA)
- guess forms of distributions

- for class C
,
fit params , f(✗ ly

-c) , estimate P(Y=C)
A PLYIX) tells you prob guess is wrong
9 diagnose anthers easily , Plx) small

b hard to estimate distributions accurately , rely on guessing distribution

2) Discriminative models (logistic regression)
- Model PLYIX)

9 PLYIX) tells you prob guess is wrong

3) Find decision boundary (SVM)
- Model rlx) directly



Lecture 7 : Gaussian Discriminant Analysis 219

Assumption : each class comes from normal distribution
f- 1km112 )✗ ~ N(µ

,
02) : flx)=

(Lg g)de 202

r*(×) Max Qclx) -- In ((E)dfelxitc)= - "✗
-melt

2oz
- dln Oct In Tie

Quadratic Discriminant Analysis (QDA)
In 2 class ex

C if Qclx) - Q, lx) >0r*lx)={☐ otherwise

Bayes Decision Boundary at Qclx) -Q☐lx)=O

To recover posterior probability
p(y=C1x)= f- 1×14=4 Tic

f(XlY=C)tc+f(XlY=D)TD
I

p(y=c1x=x)=s(Qclx) - Qislx)) where sly)=
/ + e-
r

Linear Discriminant Analysis (LDA) variant of QDA w/ linear boundaries
less likely outfitAll Gaussian have same variance 0

Max

gz
-

Huon
'

c

Ma ' ✗

2oz
+ In Tlc

Decision Boundary : w-✗ + ✗=D

Posterior : P(Y=ClX=x)=slw -✗ + a)

Maximum Likelihood Estimation of Parameters

Maximum Likelihood Estimation (MLE) : method of estimating statistical
model parameters to maximize (likelihood) tune

1) Density Estimation : estimating a PDF from data

Likelihood of Gaussian :
likelihood of generating those points : [In,o;X , . ..tn/--flXi)flXz)...flXn)

log likelihood l max ⇐ f- Mi - all
'

2oz
-dln 215 - dlno)



and =D ¥=O

ñ=£ÉXi 82 = at 11¥ -ulf
i=1

QDA : estimate conditional mean tie & conditional variance ÉI of class C

separately

LDA : same means 4 priors ; one variance for all classes

0^2 = dtn § §:eH×i-ÑeÑ pooled within class variance



Lecture 8 : Eigenvectors & Multivariate Normal Distr 2/14

Eigenvectors
For Square matrix A

,
if Av=hv for v40

,
N

v is eigenvector v points in same direction or opp dir
X is eigenvalue

Thm: if u is an eigenvector of A w/ eigenvalue N

v is eigenvector of AK w/ eigenvalue dk

Thm: if A is invertible , vis eigenvector of A-1 w/ eigenvalue Ya

Spectral Theorem: every real ,symmetric nxn matrix has real eigenvalues and

n eigenvectors that are mutually orthogonal vivj=O itj
-stretches along direction w/ eigenvalue 2, shrinks w/ -Yz

Symmetric matrix M
Positive Definite : if WTMW >0 all w -40 ⇒ pos eigenvalues
Positive semidefinite: if WTMW >_ 0 all w ⇒ nonnegative eigenvalues
Indefinite : if pos & neg eigenvalue
Invertible : no zero eigenvalue

Eigendecomposition : matrix factorization
. 0 VT rotates to be axis

a- Hiii:& ]A- VNVT -_ §
,

divine 8g . . . µ
aligned

I ftzlx-n)t[
'

(x-D)
Anisotropic Gaussian's : X - NIM ,

E) f(×)=
(z⇒d|[ I e

E. did SPD covar

E" dxd SPD precision matrix

For Gaussian Rn Nlm,E) ,VarlR)=E
Ri ,Rj independent ⇒ covlri,Rj)=O
Covlki ,B.)=D & multivariate normal dist ⇒ Ri,Rj independent

all features pairwise independent⇒ Varlr) diagonal
var IR) is diagonal & joint normal <⇒ axis -aligned Gaussian



Lecture 9 : Anisotropic Gaussians,MLE,QDA, LDA 2/16

Anisotropic Gaussian>

Normal PDF : flxtnlqlx)) nlq)=
⇐µ /z, e-

%

,
qlx)=lx-MIE

" (x-a)

Maximum Likelihood Estimation for Anisotropic GaussianS

Sample points X , ... Xn ,
classes yi . - In best -fit Gaussian

[ (Xi -nie)(Xi-Ñc)T : conditional covariance for pts in class CQDA : Éc=nci,y:-c
no:# pts in class C ii. mean of samplepbl

Éois PSD
Tio : #Pls in class C

Gaussian PDF total sample pts )
b

Qelx)= In (E)dfclx)Tlc=-£(×- not (x- Ma) - ¥ In /Eel + Into

Max linear discriminant fn : MIE-1×-1-2ME ÉMc+ln Tlc

LDA : É=tn{ E. Hi -Ñu)Hi-ÑÑ pooled within class covariance matrix
c i :yi=C

Design Matrix : X nxd matrix sample pts , now i is sample pt XF

centering : i subtract MT from each row of ✗

Sample couar matrix : VarlR) titi

Decorrelating X : apply rotation 2- XV , Varlr)=VÑ ,
Varlz)=N

Sphering X : apply transformation W=XVar(R)
- "2

Whitening X : centering + sphenng , ✗→W



Lecture 10 : Regression , Ls, Linear El Logistic Regression 2/23

Regression : fitting curves to data

classification : given point × ,predict class

Regression : given point X, predict numerical value

- Choose regression tune hlxjp) hypothesis h, parameters p
Decision fnncs D linear : hlx; W, X) - w -✗ +✗

2) polynomial : added polynomial features
3) logistic : hlx;w ,a) = slw -✗ + x) sly)= Her

- Choose cost func to optimize
loss Grnc A) squared loss Llz,y)= (z -g)

2

B) absolute error Lt4y)= 12 -y) zedo.it
c) logistic loss

, cross entropy Llzy)=ylnz -Ky) In (1-2) yc-P.is
cost func a) mean loss Jlh)=tn Llhlx:) ,y)

b) max loss 31h)=ma"x Llhlxi) ,y)f-I

c) weighted sum Jln)= FEW Llhlxi) ,yi)
d) L2 penalized/reg 31h)= a,b, one + XHWIF

e) Ll penalized /neg 31h)= a ,b, one

Least squares linear mgr: I + At a

Weighted least squares linear: HA -1C } Quadratic cost, mm w/ calculus

Ridge Regression : It Atd
Lasso Regression : It Ate quadratic program
Logistic Regr : 3+0+9 convex cost, min w/ grad desc
Least Absolute deviations I + B + a

Chebyshev criterion I + B+b } Linear program

Least Squares Linear Regression
Find w that min HXW -YIP Residual sum of squares (Rss)

w=(×T×)
-'
✗Ty

P Easy to compute shmear system , unique stable solution
a sensitive to outliers , errors squared
w fails if XTX is singular



Logistic Regression
Fits probabilities in range 10,1)

Optimization Prob : And w to min

n n

5- { Llxi - w,yi)= - §(yilnslxiw) -111 -yi)ln(1-slxi.no)))
i-4

slxw)=!compute derivatives silk)= ¥ Hey = sly)(1- SH))
if si=sHiw) pwJ= - E. (§÷ps:-[¥ Psi) = -✗Ty-SHW))

Gradient descent : w ← w + titty- slxw))
stochastic Gradient descent : w ←w-itlyi-slxi.nl)Xi

9 always separates linearly separable pls



Lecture 11 : Regression, Newton's Method,Roc curves 2128

least-Squares Polynomial Regression
Replace Xi with Iki) degree 0 :p

☒ (Xi) = [×? , Xi,Xia Xi? Xi, Xiz I]'d
Very Easy to onerfit

Weighted Least Squares Regression
Some sample points more trusted than others

Assign weight w ,
have Wi in nxn diagonal matrix I

Optimization Prob: find w min

lxw -y)IR(✗w
-y)

solve in normal equations XTRXw=XIRy
Newton's Method

Iterative optimization method for smooth tune Jlw) ,
often faster than

At point ✓ , approx Jlw) by quadratic fancyump to critical pt grad desc

Taylor series about v : TJlw)=TJ(v)+(PTH)lw-v) +0111W -v11)
0TH : Hessian matrix

critical ptw : w= V - 10234))-103W)

pick starting pt w

repeat until convergence
e ← solution to linear system (FJlw))e= -TJIW)
w ← wee

d Hessian computation expensive
r finds right step length for most, better direction

logistic Regression
can use Newton's method to solve

o 5211-52)
.
.
.ÑJlw)=És:(1-six:X;T=×Ir× r= µ

"" °

in
÷

say_
w←O

repeat until convergence
e← solution to normal eg Cxtrx)e=XTly-s)
w ← Wtc



LDA us. Logistic Regression
LDA adv logistic Adv

- well separated classes, stable
- emphasis on decision boundary
- robust to non-Gaussian distributions

-72 classes
, easy

- naturally fits 0,1 labels lprobabihles)
- more ace when classes normal

ROC curves [Recover operating characteristics]
rate of false pos us. true pos

False Negative Rate: vertical distance from curve to top

specificity : horizontal distance from curve to right
classifiers effectiveness can roughly be measured

by area under the curve



Lecture 12 : Statistical Justifications; 3/2
Bias -Variance Decomposition

Model of reality :
- sample from unknown dist : ✗ in D

-

y
- values sum of unknown

,
tune + random noise

FX: yi=gl×i) + Ei Ei - D
' D

'

mean zero

Regression Goal : find h to estimate g
hlx)=Ey[YlX=×]=gl×)+E[E]=glx)

Least Squares Regression from Maximum Likelihood

estimate c-i - N(0,02) Yi - Nlglxi), 04

11g;X,y)= Ely: -glxi)Y - constant

Max likelihood on
"

parameter
"

g
⇒ estimate g by least-squares regression

Empirical Risk

Risk : expected loss Rlh)=E[L] ✗ c-Rd,ytR
Empirical Distribution : discrete uniform distribution over sample pts

Empirical Risk : expected loss under empirical distribution

pith)=tnÉL(hKi),yi) R^ : approx of statistical risk
i=l

Empirical risk minimization : h that minimizes Ñ

Logistic loss from Maximum Likelihood

For probabilities yi probability pt Xi in class

hlx:) predicted probability
B duplicate copies Xi , yips in class

, 4-y;)B not

Likelihood:[(h;X,y)=Ñh(×i)%P(1- has;))"-9dB
i-4

Log likelihood: 11h)= B § /yilnhlx:) -14-g) In 4-hlxi)) = -BE logistic loss Llhlxi),yi)

Max likelihood ⇒ minimize {Llhlxi),yi)

Bias Variance Decomposition
Bias : error due to inability of hypothesis h to Gtg perfectly,wrong model
variance: error from fitting random noise in data

,

Model:X; -D. Ein D
'

,yi=gHi) -1£ , hypothesis h



For some zERd
, y=g(2)+ E ,

EH]=gG) , var ly)= Var (E)

Rlh)= F-[Llhk) ,y)] = F-[(htc) - 4)
2]

= F-[htc)
'

] + F-[42] -2E['(htc)]

= (F-1h14] - glz))
'
+ Varlhlz)) + Var (E)

T T on

bias of method var of method irreducible error

consequences
-Underfitting = too much bias
- overfitting = too much variance

- training error tests bias not variance
,
test error for both

- variance → 0 as distributions nine

- if h fit g well
,
distributions bias → 0

,
n →✗

- good feature reduces bias

- adding feature increases variance

Ext Least Squares Linear Reg
Model : g(2)= vtz

training labels: y=Xv+e unknown v.e

Linear Regression computes w

w=Xty= ✗
+

(✗✓ + e) = ✓ + Xte

Bias : F-[hlz)] -glz)=E[wtz] - vTz=E[zTX+e]=zTE[X+]E[eI=O
- 0 bias means perfit fit possible

Variance: Var (htc))= Varlwtz) = Varlztvtztxte) = Varlztxte) = o2zt(✗TX)-12

Varlhlz)) = 02¥
-variance portion decreases as tncsampcepts) , increases as d @eateries



Lecture 13 : Shrinkage: Ridge Regression , 3/7Subset selection
,
and Lasso

Ridge Regression
Find w to min HXW -9112+1111W'112--5 /w)
- Adding regularization term for shrinkage to encourage small 11W'll

-guarantees PD normal equations
- cost function w/ many minima is ill-posed

- Regularization reduces overfitting by reducing variance
by penalizing large weights

I' : identity w/ 0 in bottom rightTo find solution : 03=0
, (*✗ +KI

'

)w=XTy
test error

-Solve for w
,

, increasing K → more regularization
Ridge Regression Var: Var (ztlxtx+KI

'

)
-'Xte variance

- normalize features to have same variance bias

Bayesian Justification for Ridge Reg
Maximum a posteriori (MAP) : using

likelihood
,
but maximizing posterior

posterior Hulky)= fly / Xsw) ✗ prior flw
')
=
Llw)f(w)

flylx) flylx)

Maximize log posterior= In flu) -1 In flu') - const

⇒ Minimize HXM -9112-1×110112
Feature Subset Selection

Idea: Identify poorly predictive features , less overfitting , smaller test error

Alg: Best subset selection :Try all 2d -1 nonempty subsets of features

Heuristic 1. Forward Step Wise Selection Old') instead of 0129
1) Start v1 null model 10 features)

2) add best feature until validation error increasing
Heuristic 2 : Backward stepwise selection Old2)

1) start w/ d features

2) remove who gives best reduction in validation error



Lasso

least absolute shrinkage and selection operator

Find w that min HXW_yÑ+kHw'll , where Hu 'll,=§dlwil
Cross-polytopes : iso surfaces of 11W'll

,
,
convex hull of all poslneg unit cords

sometimes sets some weights to zero
,especially larger d

Alys : subg radiant descent , least - angle regression (LARS) , forward Stagenese



Lecture 14 : Decision Trees 319

Nonlinear method for classification and regression
Tree w/ 2 node types:
- internal nodes to test I feature value & branch
- leaf nodes specify class hlx)

Greedy algorithm
if leaves are pure /same class c)

return new leaf

else
choose best splitting feature j and valueB
S
,
= {its : Xij < P }
Sr = {its : Xij >_ B}
return new node (j , B , GrowTree (G) , Growtreelsr))

Use entropy to decide split

Entropy : Hls)= - § pelogzp, pe=
I { its :yi=c} /

1st

↳ same class:O, half C.half D: 1 ,
n pts ,diff classes :/ogzn

Weighted Avg Entropy : Haa.ee/SilHls.)+lSrlHlSr)lSil+lSr1
Information gain : HIS)- Hatter Max info gain

Algs & running time:

classify test point : walk down tree until leaf, return label oftreedepth)

Training : binary old) splits, quantities features •(n'd)
, running time olnd depth)



Lecture 15: More Decision Trees
,
Ensemble

3/14
Learning , and Random Forests

Decision Tree Variations

Multivariate Split: And non-axis aligned splits orgenerate randomly LSVM, logistic,GDA)
Decision Tree Regression : creates piecewise constant regression func

cost Jls) = ¥1 lyi -Msp
stopping Early
- Limit tree depth (for speed) , size(big data sets) , overfitting
- Stop by : most points same, depth too great, prune

Pruning
Greedily remove each split that improves validation performance ,more reliable

-Look at validation in two leaves to remove

Ensemble Learning
Decision Trees not best at predicting , high variance
weak learner: does better than guessing randomly
can combine weak learners to get a strong one

Bagging : same learning alg on random subsets of one training set

Random Forests: randomized decision trees on random subsamples

Use learners with low bias

High variance & some overfitting is okay

Averaging reduces variance
,
sometimes variance

Bagging (Bootstrap AGGREGATING) : alg for diff learner from same dataset

- n - point training sample, subsample n
'

sampling w/ replacement
- Points chosen j times have greater weight
-Repeat until T learners

,
Meta learners takes test point , feed into T, return any

Random Forests : classification: mnnfd regression
: dtg

-At treenode
,
take random sample m of d features , choose best split from m

- disadvantages: slow loses inference
, generate s random multivariate splits .



Lecture 16 : The Kernel Trick 3/28

kernels
- Weights can be linear combo of sample points

- Can use inner products of E-(x)

Optimize w=XTa= {a:X;
i=l

optimize n dual weights a instead of dP primal weights W

Kernel Ridge Regression
Center X and y so means are zero : Xi ←Xi - Mx

, Yi
←
Yi
-My , Xi,dH=l

(X'
-

✗ + XI)w=XTy
For solution a

, (XX
'_
+XI)a=y ,

LXTX +RI)Xta=XTy
Since w=XTa is a solution to normal equations and w is linear

combination of sample points , a is dual solution

Dual Form Ridge Regression: min llxxta -y 112+1111×4112

Training : Solve (XXIII)a=y

Testing : Regression hlz)=wTz=aTXz=
,

a:(Xitz)

kernel funo: k(× ,2) = xtz

Kennel matrix: k= XXT , kij=k(Xi ,X;)
Dual Ridge Regression Alg :

tij Kij ← k(Xi, X;)
Solve (k+dI)a=y for a

for each test pt 2

hlz) ← §
,
aiklki

, 2)

Kennel Tricks (kemelization)
Polynomial kernel : degreep is k(x.z)=(xTz + 1)

P

Thin: 1×1-2+1)P=E(x)TE(×)

Ext d=2,p=2 1×1-2+1)2= ✗72,2-1×22222-1. . . .
= [×? ✗22 Ex,xz . . . ][z? zi .

. .. JT

= ☒4)Tik)

Kennel Ridge Regression : klxiz)= 0--1×50112)



Kernel Perceptron
ELX) is nxD many rows Ilxi)T
Featured perceptron algorithm : Dual perception alg :

W←y.E(X .) a←[y. 0 . .
05

V-i.jkij-k.li,X;)
while some yiI(Xi)- w <0 while some y:(ka)i<0
w←w+EyiI(Xi) a-← ai + tyi

for each test ptz for each test ptz
hlz)← w - EG) hlz) ←;§ajk(Xj ,2)

Kernel Logistic Regression
Stochastic Gradient Descent Step: a.← ai +Ely; -stlkai))
Batch Gradient Descent : a← at Ely- ska)) ,

hlz) ←s(Éajklx; ,z))
j=l

Gaussian Kennel

Gaussian kernel : I st k(×,z)= exp f-
11×-2112
2oz )

n

hypothesis hlz)= §, ajklxj , 2) is linear combo of Gaussian centered at sample pts

- gives smooth h
- behaves like K- nearest neighbors
- oscillates less than polynomials
- similarity measure: klxiz) , Max 2--4,0 distance increases

choose 0 by cross-validation
,

larger o→ wider Gaussiansad smoother h → more bias & less variance



Lecture 17 : Neural Networks 3/30
can do both classification and regression
use a logistic function between linear combinations

Network w/ 1 Hidden Layer
Input : X, . . . XD ; ✗du =\

Hidden : hi . . .hn; hmm =\ ¥→¥"§→?¥s?Output: 2
, . . . 2k

Layer 1 weights: mild-11) matrix V UF row i

Layer2 weights: K ✗ (mtl) matrix w wit now i

Training
stochastic or batch grad descent
Loss tuna Llziy)

I ←
true labelsprediction

best tuna JW,W)=tn Llzlxi) ,Yi)

start of random weights
w←w - c- 051W)

Naive gradient computation : 0 ledges2) time
Backpropagation

: Oledges)

computing Gradients for Arithmetic Expression

Backpropagation
- dynamic programming algorithm for

computing gradients named for grad
descent

Vit is now i of weight matrix U

since sky) -- SH) 4- sly))

hi __s(Vi - x) Tvihi=s'lVi - ×)×=h:(1-hi)X
zj-slwj.tn) %.Zj=S'(Uj -h)h=zjU-g) h

PnZj=Zj(1-Zj) Wj



Lecture 18 : Neurobiology ; Variations on Neural 414
Networks

Neural Networks inspired by real brains

CPUs : sequentially , nanosecond gates , fragile if gates fail
9 superior for arithmetic , logical rules, key based memory

Brains: very parallel, millisecond neurons
,
fault tolerant

9 superior for vision, speech ,associative memory
Neural Network Brains

- output of unit - firing rate of neuron

- weight of connection - synapse strength

Brainstem : heartbeat
, breathing , sleep

Cerebellum : coordination of motor skills

Limbic system : emotion and motivation

Visual cortex : input from eyes to more useful form

Regression : linear output units - omit sigmoid
classification : softmax Gene

can use RELU : rectified linear units

{ :÷:RELU
, ramp,hinge fn: r

' ly)=

popular for many
- layered networks w/ large training sets



Lecture 19 : Better Neural Network Training ; 416
Convolutional Neural Nets

Heuristics for Faster Training
1) Stochastic Gradient Descent : faster than batch on large , redundant data sets

2) Epoch : presents every training pt once

3) Normalizing: center mean at zero , scale so variance ≈ I
4) Different learning rate for each layer of weights
Heuristic to Avoid Overfitting
1) Fewer hidden units

2) Weight decay : la regularization

Convolutional Neural Networks

Often overparametrized: too Many weights , notenough
Convnet Ideas:

1) Local connectivity : hidden layer to small patch of prov layer

2)Shared weight : hidden units share
mask

,
filter

, kernel

↳ team several masks
,
if one teams edges, all learn edges

convolution: same linear transformation applied to diff parts of imageby shifting



Lecture20 : Unsupervised Learning and 4/11
Principal Components Analysis

Unsupervised learning
sample points but no labels

,
want to discover structure in data

Principal Component Analysis
Goal: Given sample points Rᵈ, find K directions to capture variance

Ext × be nxd design matrix , centered M×=meaniXi=O

To get k Gaussian axes of greatest Variance , Fit a Gaussian to data w/ MLE

↳ Computer unit eigenvectors/values of XTX

Choose K best dimensional subspace
compute Is principal coordinates ✗Vi of each training point

F- Find direction w that Max sample variance of projected data
WTXTXW

Find w max Vardi , ,xi . :X:D -
_ ± Hi - ¥wÑ=ᵗn%wY¥= I win



Lecture 21 :Singular Value Decomposition; Clustering 4/13

Every X has SVD X=UDVT if n≥d

✗ = U D VT = { 8;UiVT
i
:
-

O - v ,
- rank 1 outer£8

?
- a - product matrix

0

dxd did

nxd nxd
VTV=)

UTU -_I
fright singular

Fett singular vectors
vectors

£
, . . .

8D are nenegatnee singular values of X

Vi is an eigenvector of XTX w/ eigenvalue 8?

Find K greatest singular values & vectors in Olndk)

- Row i of UD gives principle coordinates of sample point Xi

clustering
K- means clustering (Lloyd's Algorithm) Runtime: Olnkn)

Goal: partition n points into K disjoint clusters

Assign each input point Xi a cluster label yi ELI ,k]
K

min y in [ { 11 Xj -Milk
i=lyj=i

k-means heuristic, alternate between

4) fix labels yi , update cluster mean M:

(2) cluster mean M : are fixed , update labels yi

finds a local min

K-Medoid Clustering
specify distance tune dlxy) , dissimilarity
Use medical instead of mean ,min distance to other pts in cluster

Hierarchical Clustering
Creates a tree

, every subtree is a cluster

Agglomerative clustering : each point a cluster and combine

Hierarchical clustering : all pts in one cluster, split



Dist fnnc for clusters A,B

Complete Linkage: DIA ,B) = Max { dlw,×) : WEA, ✗ EB}

Single Linkage: d(A.B) = min { dlwsx) : WEA, ✗ c- B }

Average Linkage: DIA ,B) = ¥1B, { { dlwix)
WEA XEB

Centroid linkage: DIA ,B) = DIMA , Mos) µ mean of S



Lecture 22 : High Dimensions; Random Projection 4/18
Pseudo inverse ; Personality

Geometry of High Dimensional Spaces

In high dimension
,
most points are same dist from mean

Pythagoras Theorem: 11pm =p?+pit . . . -1 pi

pi sampled from univariate normal dist w/ mean 0 , variance I

pin N(0,1) pin ✗%) F-[p?] -4 Varlp?)=2

F-[11pm]=dE[p?] =D Varlllpll
≥

) = dvarlp?)=2d SD (11pm) = Ed

Angles between Vectors

also =p
-q
Ilpllllqll

= 1¥11 F-[cost]=O 8D (cost) a ¥

Random Projection Project onto random subspace, could preserve dist better

choose small f. small S , random subspace S C Rd dimension Is
, k=[2h(%)]E- ¥

For pt q , let § be orthogonal prig q onto S
, multiplied by §

Pseudoinverse and the SVD

For D diagonal nxd matrix

Pseudo inverse Dt by transposing D and replacing nonzero w/ reciprocal

DD+D=D D+DD+=Dt DZD-1 =D

✗ is nxd matrix X=UDVT rankD) = rank (X)

Moore- Penrose pseudoinverse × is ✗
+ =VD+UT

1) ✗✗
+
= UDVTVD'_UT=uLDD+)UT symmetric, PSD

2) ✗
+✗ =VD+UTUDVT= ✓ (DtD)VT symmetric, PSD

3) same rank:D,D+,DD+,D+D,X,X+,XX+,×+×

4) ✗✗+✗=X
5) ✗+✗✗+ =Xt

Solution to normal eq ✗TXw=×ᵗy is w=X+y



Lecture 23 : Learning Theory
Generalization if we want to generalize, constrain hypotheses we allow learner to consider

Range Space (set system) : pair (AH) , P set of all possible test / training
H : hypotheses class

,
set of hypotheses

Examples :

1) Power set classifiers :P set of K numbers
,
H power set of P, 2k subsets of P

2) Linear classifier: P=Rᵈ
,
A set of all halfspaces , form { × : wx ≥ -x}

Hoeffding's inequality : prob of bad estimate
,
how likely number drawn from binomial

distr far from mean

PrdÑlh) - Rlh) / > e) ≤28in

Dichotomy:X is ✗nh
,
HEH

,
function that assigns training point to Cannot

-C

Shatter fnnc: IT# Ln)= Max % most dichotomies of any point set site n1×1 -_n,✗≤p

Vapniks- Chervonenkiis dimension : VCLH)=max{n:lTHln)=2ⁿ} VC dimension is upper
bound on exponent of polynomial

- For generalizations, limit expressiveness of your hypothesis class to limit the

mum of possible dichotomies



Lecture 24 : Boosting ; Nearest Neighbor Classification 4/25

AdaBoost

Ada Boost : "adaptive Boosting
"

ensemble method for classification
- trains multiple learners on weighted sample points
-diff weights for each learner

- increases weights of misclassified training pts
- bigger vote to accurate learners

Input : design matrix × nxd
,
labels y c-R

"

,yi= -4

- Train T classifiers G, . . . Gi ,
- Weight for sample point Xi in Gt increases depending on how many misclassify
- Train fit to correctly classify sample Pb w/ larger weights
- Meta learner : linear combination of learners , Mk)=Ép*G ,_ (2)

F-I

T

min f- 24MHi),y :)
,
Mlxi)= {B+G+lXi)

,
Llp , e) = e-Pl = {e-

P 1=+1

Gi ,B, i
!

+=,
EP 1=-1

Separate classified comedy and misclassified

n- Risk = e-
PT E wilt> + EBT [ wit)
yi-G.li) y# Gilli)

optimal Bt after d- Risk -_ O
,

B
,

-_ £ In/
tent)

dB,_ ert

AdaBoost Alg :
1. Initialize weights w:-< tn

,

Yi c- [I ,n]

2. for 1- ← 1 to T

a. Train Gt w/ weights Wi
Ennisclassified Wi

b. weighted error err←

ga, wi ,
coeff B-←£ In /

'%)

c. reweight pls : wi-wi.se?+G+misdassiGesXi=w , .{F÷re-B+ otherwise FER
3. return meta learner 1h12) -- sign iÉB+G+k))

Boosting Benefits ↑

- fast
, no hyperparameter, subset selection,



Nearest Neighbor Classification

Idea: query point q And K sample pts nearest q
distance metric

Regression : return avg label of K pls

classification: return class W most votes from K pts

as n→x,k→x , % →O K-NN converges to B



Lecture 25: Nearest Neighbor Algorithms 4/27
Voronoi Diagrams and K-D Trees

Nearest Neighbor Algorithms
Exhaustive K-NN Alg
query pt q

- Scan through all pts and find squared dist to g
- Keep Max-heap w/ k shortest dist found so far

Reprocess training pts ,

Voronoi ltiraognoraimsdiagraxmspokakt streets, exhaustive K- NN , PCA, random projection
Voronoi cell: w c- ✗ is Vor w={ptRᵈ : Hp-wit ≤ Up -v11 tv EX

Point location : for query point q E
Rd

,
find point

WEX where q C- Vor W

↳ good for 1- NN in 2or 3 dimensions

K-d Trees : Decision Trees for NN search

-Choose splitting feature: w/ greatest width

↳ splitting valve : median point for feature i

Goal : given query g. find pt w st

Hq-wH≤ It E) Hq- SH S: closest

maintain : nearest neighbor found so far
,

binary min- heap of unexplored subtrees , dist from g
1-NN query
Q ← heap containing root node w/ key zero
r ← x

while Q not empty and 11+4 -

mining (a)
<r

B. ← removemin LQ)
w ← B's sample pt



r ←min {r, distlqw) }
B
'

,
B
"
← child boxes of B

if( I + E) - distlq.BY < r then insert (Q , B
'
, distlq , B

'))

if( I + E) - distlq , B
") < r then insert (Q , B

"
, distlq , B

"))


